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A wa®elet-based robust M-estimation method for the identification of nonlinear sys-
tems is proposed. Because it is not based on the assumption that there is the class of
error distribution, it takes a flexible, nonparametric approach and has the ad®antage of
directly estimating the error distribution from the data. This M-estimator is optimal o®er
any error distribution in the sense of maximum likelihood estimation. A Monte-Carlo
study on a nonlinear chemical engineering example was used to compare the results
with ®arious pre®iously utilized methods.

Introduction

Robust system identification has been an important re-
search area during the 1990s in an attempt to achieve more
advanced and robust control. However, it is still in its initial
stage compared with classical system identification methods
Ž .Wu and Cinar, 1996 . In the classical system identification
techniques the parameters of the system are obtained by min-
imizing an objective function that reflects the distribution of
the error subject to the process model under the a priori as-
sumptions. The combination of normally distributed errors

Ž .and ordinary least-squares OLS estimates has prevailed. The
optimality of OLS is conditional upon the properties of the
errors. If the errors are independent and identically dis-

Ž .tributed IID and normal, we will get an unbiased and effi-
cient parameter estimation of the system in the sense of max-

Ž .imum likelihood estimation MLE .
However, the problem arises when the errors do not satisfy

the a priori assumption. If there are some outliers in the data
Ž .a posteriori information , the error distribution is no longer

Žnormal and the estimates will be biased Albuquerque and
.Biegler, 1996 . To deal with this problem, outlier

detectionrelimination techniques have been suggested which
are based on some preselected rules to keep the data within

Ža normal region Narasimhan and Mah, 1988; Tamhane et
.al., 1992 . In fact, the error distribution is not always normal

and simply deletion of the data may cause partial loss of in-
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Ž .formation about the system Hampel et al., 1986 . Further-
more, this technique will add computational load for on-line

Ž .identification Albuquerque and Biegler, 1996 .
Robust system identification methods are needed to allevi-

ate these problems by constructing an estimator that will give
unbiased estimates when the error follows a pre®iously known
distribution and still behaves well if there are deviations from
ideality. Furthermore, robust process control of a system re-
quires a robust system identification method that can provide
optimal estimates for a broad class of distributions or any
distribution of errors regardless of the effect of kurtosis and
skewness.

Several robust system identification methods have been
considered in the literature. One approach is the use of Lp
estimate in which we estimate the parameters by minimizing

n1 p
y y f x , uŽ .Ý i in is1

Ž .instead of the sum of errors square Butler et al., 1990 . Least
Ž .absolute deviation LAD and OLS estimation correspond to

ps1 and ps2, respectively. Values of p less than two are
associated with tails which are thicker than the normal distri-

Ž .bution. Forsayth 1972 suggests that ps1.5 can give good
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robustness features for a thicker tailed distribution. L esti-p
mators can be regarded as, in fact, special cases of robust
M-estimates, because ps1, 2 correspond to Laplace and

ŽNormal error distributions, respectively Poljak and Tsypkin,
.1980; Butler et al., 1990 .
Ž .Huber’s M-estimates Huber, 1981 provide the general

framework for robust estimation. The idea is straightforward
in the sense of MLE, where the performance index for the
least favorable distribution within a given class is minimized.

Ž .Hampel et al. 1986 developed the idea and gave the con-
Ž .cept of Influence Function IF to describe the IF’s proper-

ties and its effects on robust estimation. The crucial step in
M-estimation for robust system identification is the choice of
these influence functions. Based on different pre-selected
choices of the influence functions, we get different robust es-
timators. In fact, these functions are determined by the error

Ž .distribution of the system model. Butler et al. 1990 gave the
result based on the generalized t distribution, which includes
as special cases OLS, LAD, and L , as well as some estima-p
tion procedures which have bounded and redescending influ-
ence functions. However, these functions are just suited for
the case when the underlying distribution is symmetric. To
deal with skewed and heavy-tailed distribution, Moberg et al.
Ž . Ž .1980 and Yuh and Hogg 1988 suggested a method of
choosing the influence function according to distribution
classification based on a general lambda distribution. How-
ever, the disadvantage of this technique appears when the
distribution is quite different from the class of the distribu-
tion such as multi-modal distribution, or when the distribu-
tion is close to the classification bounds. In this case, the esti-
mates are far from optimal.

Ž .To improve this, Wu and Cinar 1996 use polynomials to
approximate the influence function based on the generalized
exponential distribution which includes previous distributions
Ž .Wu and Cinar, 1996; Lye et al., 1993 . However, this method
requires that the order of the polynomials be predetermined

Ž . Žfor approximation and also to assume d u s1 one type of
Ž . Ž ..the error probability density function pdf , Cobb et al. 1983

Žwhich in turn limits the range of the error distribution Wu
.and Cinar, 1996 .

In this article, an alternative approach is proposed for ro-
bust system identification based on wavelet estimation of the
density function. This method is not based on any general-
ized broad class error distribution assumption, so it is a flexi-
ble and nonparametric approach. In addition, it can deal with

Ž .the dependent observations Safavi et al., 1997 .
The robust system identification problem is introduced, and

then several robust techniques and their features are dis-
cussed. Secondly, the proposed robust estimation steps and
the wavelet method for robust estimation are introduced.
Some advantages of the wavelet estimation approach are also
discussed. A Monte-Carlo study on a nonlinear chemical en-
gineering example is provided to compare several robust esti-
mation methods, followed by the conclusions of this work.

Robust M-Estimation for Nonlinear System
Identification

To grasp the essence of the robust system identification
method, let us consider a nonlinear system described by the

following model

ys f x , u q e t 1Ž . Ž . Ž .

Ž .where y is the output, x is the input, e t is noise, and u is
the k dimension system parameters to be identified. The OLS
estimate of parameters vector u is obtained by minimizing

n1 2y y f x , u 2w x Ž .Ž .Ý i in is1

or, equivalently, by solving the system of k equations which
results from differentiating Expression 2 with respect to u
and setting the derivatives equal to zero

n1 ­ 2y y f x , u s0 js1, 2, . . . , k 3w x Ž .Ž .Ý i in ­ujis1

If the errors are normally distributed, the OLS estimate is
the maximum likelihood estimate of system parameter vector

Žu , and the estimate is unbiased and efficient minimum vari-
.ance estimates in the statistical sense. However, if there are

outliers in the data, the underlying distribution is not normal,
and, thus, the OLS will be biased. Huber has demonstrated
the inefficiency of OLS regression estimates if the underlying
errors are not normally distributed and even a single grossly

Žoutlying observation will damage the estimates Huber, 1972,
.1981 .

To solve this problem, a more robust method of estimation
is needed. Since the true underlying distribution is not always

Ž .normally distributed and never known exactly , it seems sen-
sible to use an estimation method which works well for the
case that the underlying distribution has some deviations from
the ideal one, and has application in a wide variety of possi-

Ž .ble situations. Huber 1981 discussed some robust proce-
dures and generated the M-estimator approach for robust es-
timation of parameters u in Expression 1. In this approach
the quadratic implicit function in Expression 2 is replaced by
a general r function.

Denoting the residual values by

u u s y y f x , u is1, 2, . . . , n 4Ž . Ž .Ž .i i i

the M-estimates of vector u is given by

n1
û sarg min r u u 5w xŽ . Ž .Ý in is1

or

n1
û sarg min r y y f x , u 6w x Ž .Ž .Ý i in is1

where r is usually a convex function in order to ensure the
solution to be unique.

In contrast to Expression 3 the estimate can be defined as
the solution of the k equations

n1 ­ f x , uŽ .i
c y y f x , u ? s0 js1, 2, . . . , k 7w x Ž .Ž .Ý i in ­ujis1
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Ž . XŽ .where c u s r u . If r is convex and c is continuous, the
definitions in Expressions 6 and 7 are equivalent. For all but
the simplest c functions, the solution to Expression 7 must
be obtained numerically, generally by using some iterative
approximation processes.

Occasionally, it will be convenient to refer to the r func-
tion in Expression 6, but generally, the form Expression 7 will
be used in the robust M-estimation approach. The use of the

Ž .c form is due to Hampel’s concept of influence function IF
Ž .Hampel et al., 1986 . Hampel gave the infinitesimal ap-
proach of the residuals and derived the c to be proportional
to the IF which reflects the influence of a single residual on
the estimation. According to the IF concept, the values of c
represent the effect of the residuals on the parameter estima-
tion. If c is unbounded, it means that an outlier has an infi-
nite effect on the estimation. Thus, the most important re-
quirement for robustness is that c must be bounded and it
should have a small value when the residual is large. In fact,
the value of the c function corresponds to the gross-error

Ž . Žsensitivity Hampel et al., 1986 ; it measures the worst ap-
.proximate influence that a small amount of contamination of

fixed size can have on the value of the estimate.
Huber’s approach is an inspiration for robust system iden-

tification, and Hampel’s influence function is heuristic for the
Ž Xdetermination of the c function where c s r , as we men-

.tioned above . For an estimator to be robust, its influence
function, which is characterized by c , has to be bounded as
the observation u is taken to infinity, no matter which error
distribution u belongs to.

For least-squares estimation, we take the error square
function as r, and the influence function c su. Taking a
very large observation u arbitrarily, u™`, c will grow to
infinity, and this means a single outlier has a big influence on
the estimation. From this viewpoint, in the least-squares esti-
mation every observation will be treated equally and has the
same weight. Figure 1 shows the c function for least-squares
estimation, where c is proportional to observation u.

For robust identification, we now turn to the problem of
how to properly choose the c function which will meet the
crucial condition that it is bounded when the argument u is

Figure 1. Influence function of least-square estimator
( )C ™` as u™` .

very large, while at the same time c must be continuous. In
other words, we do not treat the observation equally as

Ž .least-squares does, we give a limited usually small weight
for very large error observation, and we may also give zero
weight to ignore its contribution to the estimation.

The following are some choices of c functions which
downweight or omit extreme values

Huber’s:

b
w xc u smin b , max u , y b su ?min l , 8� 4Ž . Ž .h ½ 5NuN

where b is a pre-selected value which is the bound of weight.

Hampel’s:

u 0FNuNF a°
a? sign u aFNuF bNŽ .

~ r yNuNc u s 9Ž . Ž .
a? sign u bFNuNF rŽ .

r y b¢
0 r FNu

Andrews’:

u
sin NuNFcpž /c u s 10Ž . Ž .c½
0 NuNGcp

Tukey’s:

22° u
u 1y NuNF k~ 2ž /c u s 11Ž . Ž .k¢ksign u NuN) kŽ .

Ž .Fair Function Albuquerque and Biegler, 1996

NuN NuN
2r u sc ylog 1yŽ . ž /c c

u
c u s 12Ž . Ž .NuN

1q
c

For the case where the underlying distribution is light-tailed
Ž .or skewed, Moberg et al. 1980 use the residuals from the

preliminary fit to classify the error distribution according to
tail-weight and skewness characteristics. Moberg et al. used
the classification to select a c function from a set of five
such functions constructed so that each individual function is

Žeffective for a specific class of distribution such as the ones
.that are light-tailed and symmetric and so that collectively

they cover a broad class of possible distribution.
The general form of the influence function for skewed and

light-tailed distribution by Moberg is Moberg’s

a2u
c u s 13Ž . Ž .2 2bqu qcŽ .
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Figure 2. Examples of robust M-estimators.

Figure 2 shows these examples of M-estimators. All the c
functions are pre-selected in order to downweight or omit

Žthe influence of extreme values. All the examples except
. Ž Ž . Ž ..Moberg’s are skew-symmetric that is, c u syc yu that

are basically intended to be used with symmetric error distri-
butions. For Moberg’s estimation, the general form of the c
function is predetermined according to the IF strategy, and
the parameters a, b, and c are determined according to the
classification of the error observation.

In fact, the M-estimates of the parameters in Expression 1
are defined in terms of real value c functions as described in
Expression 7. For MLE estimation of the parameters, the c

function can be chosen as follows

pX uŽ .
c u sy 14Ž . Ž .

p uŽ .

where p is the density function of the true underlying distri-
� Ž .4bution u t . This is a maximum likelihood estimation of pa-

rameters vector u and it possesses the smallest asymptotic
Ž .variance V c , F , which is the inverse of the Fisher informa-

Ž .tion Hampel et al., 1986 .
From Expression 14, we find that choosing the influence

function is equivalent to obtaining the density function of
� Ž .4u t . If the error density function can be obtained, the ro-
bust M-estimation problem can be solved. This is the reason
why so many authors approach the M-estimation based on
different generalized error distributions. However, these gen-
eralized distributions approaches will limit the range of error
distribution because we have to assume at first that the error
belongs to that distribution while frequently it does not. We
believe that the most reasonable approach should be based
on the residuals of the data rather than pre-selection of a
distribution. This seems to be a more realistic approach.

Ž .Wu and Cinar 1996 use a polynomial approximation of
errors of density function p based on a generalized exponen-
tial family given by

g ®u Ž .
p u sj exp y d® 16Ž . Ž .H d ®Ž .

where g and d are reasonable functions and j is scale con-
stant. Generally, g and d are polynomials, but they can be
allowed to include more general functions such as loga-
rithms, trigonometric expressions, and so forth. On differen-
tiation with respect to u, Expression 16 yields

pX u g uŽ . Ž .
sy 17Ž .

p u d uŽ . Ž .

and then Expression 17 is used for the calculation of c . De-
Ž .tailed explanation can be found in Wu and Cinar 1996 and

Ž .Cobb et al. 1983 . The disadvantage of this approach is the
need to pre-determine the order of the polynomials.

Wavelet Framework of Robust Estimation
In the following we first describe the wavelet-based robust

identification procedure, and then the features of wavelet
density estimators is discussed.

( )Wa©elet-based Adapti©e Robust M-Estimator WARME
There are obvious advantages in using wavelet approach to

construct the c function:
Ž .1 It is not necessary to assume that the underlying errors

belong to some generalized distribution as other approaches
do. It is, in fact, difficult to state that a data set exactly be-
longs to a certain class of distribution. Although parametric
methods are widely used, the drawbacks are obvious when
the true data do not fit the distribution well. The nonpara-
metric approaches often have more practical meaning.
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Ž .2 Pre-selection of any form of the c function is not re-
quired; the c function can be obtained directly from the
residual data, so it is adaptive and flexible.
Ž .3 It is straightforward to obtain the c function using the

wavelet approach as will be discussed later.
The basic steps of wavelet based robust parameter M-

estimation procedures are:
Ž .1 Find a reasonable robust preliminary estimator that is

not greatly influenced by the outlying observations and take
the estimation results as the initial values.
Ž .2 Calculate the residuals from this preliminary fit from

Step 1. Based on these residuals, using the wavelet estima-
tion technique determine the c function which is optimal for
these residuals.
Ž .3 Using the c function constructed in Step 2 with the

preliminary estimates from Step 1 as starting values, perform
a one-step iteration toward the M-estimator based on the c
function.
Ž .4 If the residuals converge or satisfy the pre-specified tol-

erance, the procedure is terminated. Otherwise, go to Step 2.
Figure 3 gives the flowchart of the wavelet-based robust

parameter M-estimation procedure.
The development of wavelet-based robust M-estimates in-

volves selecting preliminary estimates to construct the c
function and solving implicitly simultaneous equations. The
most commonly suggested starting values for iterative proce-

Ž . Ž .dures are the L estimates. Forsayth 1972 used OLS Lp 2
Ž .starting values in finding L estimates l- p-2 . Andrewsp

Ž .1974 developed a procedure for finding starting values which
are somewhat analogous to the sample median, but their pro-
cedure requires considerable computation. Other more ro-
bust estimators which have high breakdown points can be

Žused as the starting estimators Stromberg and Ruppert,
. Ž .1992 . Hill and Holland 1974 found that L estimates pro-

vided good starting values for M-estimates computations, and
we follow their recommendation. Constructing the optimal c
function in Step 2 above is the key to the robust M-estima-
tion procedure. The function constructed should satisfy the
error distribution. The complete wavelet-based approach of
density estimation will be discussed in the following subsec-
tions.

In the general case the nonlinear equation in Expression 7
cannot be solved explicitly, and to find u iterative methods
should be employed whereby a sequence u , u . . . , u , . . . is1 2 m
composed which converges to u . The simplest method is the
gradient

n
m mu su yg c u = f x , u u s f x , u y yw xŽ . Ž .Ž .Ýmq1 m m i u i m i i m i

is1

18Ž .

Ž . Ž .In the smooth case c u and f x, u are continuously differ-
Žentiable, g can be selected constant g 'g , g )0 is suffi-m m

.ciently small , or so as to satisfy the steepest descent condi-
n n

mw Ž . Ž .xtion g sarg min r u yg c u = f x , u . Gradi-Ý Ým m l u i m
is1 is1

Žent type methods with fast convergence such as conjugate
.gradient or the method of variable metric can be employed.

Ž . Ž .If r u is nonsmooth convex, then c u should be under-
stood as a sub-gradient and g should satisfy the conditionm

Figure 3. Procedure for wavelet-based adaptive robust
M-estimation.

g ™0, Ýg ™`.m m
For smooth problems, Guass-Newton methods can work

and these method can be shown to converge with probability
1 fast enough under certain assumptions for a good initial
approximation u . For a nonsmooth problem, its convergence0
can also be proved. Detailed discussion on convergence can

Ž .be seen in Poljak and Tsypkin 1980 .
The procedure has been implemented within a PC-

MATLAB environment and the application results are pre-
sented in the fourth section.

Probability density function estimation using wa©elets
Wavelet-based density estimators are extensively discussed

Ž .by Safavi et al. 1997 . Here, a brief discussion is presented.
Wavelet estimators belong to the family of orthogonal esti-
mators. The idea of using an orthogonal basis in estimating a

Ž .density function was first considered by Cencov 1962 . The
orthogonal basis estimators approach the density estimation
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problem from quite a different point of view, although some
may find some similarities between this approach and the
kernel method. The idea, here, is to estimate p by estimating
the coefficients of its orthogonal projections on a basis. Re-
cently, with the introduction of wavelet orthonormal bases
Ž .see Mallat, 1989; Daubechies, 1992 an increasing attention
has been given to the use of these new bases for the estima-
tion of the density function, for example, Kerkyacharian and

Ž .Picard 1992 .
Wavelets are a new family of localized basis functions and

have found many applications in large areas of science and
Ž .engineering see Safavi, 1996 . These basis functions can be

used to express and approximate other functions. They are
functions with a combination of powerful features, such as
orthonormality, locality in time and frequency domains, dif-
ferent degrees of smoothness, fast implementations, and in
some cases compact support. Wavelets are usually introduced

Ž .in a multiresolution framework developed by Mallat 1989 .
� 4ny1Let x be a stationary process and p the density func-is0

tion of x. Then, invoking wavelets and multiresolution analy-
sis, the approximation of p at resolution m is pm

`

p x s a f x 19Ž . Ž . Ž .Ým m , k m , k
k sy`

Ž . Ž .or, in general, p x is expressed as see previous arguments

m

p x s a f x q d c x kg Z 20Ž . Ž . Ž . Ž .Ý Ý Ým , k m , k l , k l , k
k l sy` k

with

² :a s f , pm , k m , k

² :d s c , p 21Ž .l , k l , k

where f and c are, respectively, the scaling functions ands s
wavelets in a multiresolution framework. Since p is not avail-
able, the unbiased estimation of each coefficient in Eq. 21
can be computed as

ny11
a s f XŽ .ˆ Ým , k m , k in is 0

ny11
d s c X 22Ž .Ž .Ýl , k l , k in is 0

Having obtained some illustration of wavelet-based density
estimators, some advantages of this type of estimator are
briefly explained here. The nature of wavelets and multireso-
lution analysis makes the wavelet estimators superior to the
other estimators in general. Nevertheless, one may empha-
size on the following points:
Ž .1 The ease of computation of this estimator is very attrac-

tive.
Ž .2 Local learning and adaptation is reasonably well

achieved with wavelet estimators.

Figure 4. Density estimation of random variable with
wavelets.
Horizontal axes are the arguments; the vertical axes are
probability density functions as indicated. Number of data:
ns100.

Ž .3 The multiresolution representation of the estimation al-
lows the user to choose the degree of accuracy against the

Ž .simplicity or the speed of estimations.
Ž .4 While other estimators fail to deal with dependent ob-

servations, wavelet estimators challenge dependent observa-
tions in several ways.

Figure 4 presents the comparative results of wavelets based
density estimation. Detailed discussion on wavelet estimators
and their advantages over other estimators is presented in

Ž .Safavi et al. 1997 .

Case Study
In this section we present a Monte-Carlo study comparing

four parameter estimation procedures using different error
distributions contaminated by isolated outliers. These estima-
tors are: OLS, Huber’s minimax estimator, Wu and Cinar’s
ARMENSI, and our wavelet-based adaptive robust M-esti-

Ž .mator WARME . Special attention is given to the efficiency
of WARME in eliminating the influence of outliers, as well
as the adaptiveness to different error distributions.

Twelve error distributions were generated, ranging from
light-tailed distributions to heavy-tailed distributions and from

Ž .symmetric distributions to skewed distributions. They are: 1
Ž 2. Ž .Normal distribution N 0, s ; 2 Uniform distribution U
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Ž . Ž . Ž .ya, a ; 3 t distribution with freedom of degree 2; 4 t
Ž . Ž .distribution with freedom of degree 3; 5 F 5,5 distribution;

Ž . 2 Ž . Ž . 2 Ž . Ž . 2 Ž .6 x 2 distribution; 7 x 4 distribution; 8 x 8 dis-
Ž . Ž . Ž . Ž .tribution; 9 gamma 2,3 distribution; 10 gamma 2, 5 dis-
Ž . Ž . Ž . Žtribution; 11 Weibull 1, 2 distribution; and 12 Weibull 3,

.3 distribution.
All above generated error data are contaminated by 5%

isolated outliers generated by the corresponding distribution,
whose variance is five times of the original one. The noise-
to-signal ratio is set at 0.05. We believe that these distribu-
tions and error data can cover most situations occurring in
the practical problems.

For the case study, we have assumed a simple isothermal
CSTR, in which one reaction Am B occurs, and the feed-
stream only contains one species. The rate of reaction of dis-
appearance of A is given by

n mw x w xr sy k A B 23Ž .A

Hence, the rate of appearance of B is

n mw x w xr s k A B 24Ž .B

The CSTR equations can then be written

dVA
n ms F A yVkA B y FAo odt

dVB
n msVkA B y FB 25Ž .

dt

The values of the variables and parameters for the simula-
tion study are given in Table 1. In order to produce a SISO

Table 1. Variable and Parameter Values for Case Study

Parameter F F V A K n m0 0

Values 1 1 10 1"10% 0.134 1.5 y0.5

system, only the inlet concentration of A is assumed to
change. Assuming constant volume, the equations can be
rewritten as

dA F Fo n ms A y kA B y Aodt V V

dB F
n ms kA B y B 26Ž .

dt V

If the variation in the inlet concentration of A is assumed
to be small, the concentration of B can be approximated to
be

Bs A y A 27Ž .o

As A s1"10%o

Bf1y A 28Ž .

Hence, the model can be rewritten as

( )Table 2. Relative Errors and Relative Efficiencies in Parentheses of OLS, Huber, ARMENSI and WARME

OLS Huber ARMENSI WARME

Ž .N 0,0.02 3.5287Ey4 2.4060Ey4 2.1994Ey4 1.9253Ey4
Ž . Ž . Ž . Ž .0.5456 0.8002 0.8753 1.0000

w xUniform y0.02,0.02 4.7765Ey3 4.5962Ey3 3.5242Ey3 3.5205Ey3
Ž . Ž . Ž . Ž .0.7370 0.7659 0.9988 1.0000

t 2.2169Ey3 1.4787Ey3 1.4546Ey3 1.2200Ey32
Ž . Ž . Ž . Ž .0.5503 0.8250 0.8387 1.0000

t 3.6081Ey1 2.0552Ey2 1.4960Ey2 2.6470Ey33
Ž . Ž . Ž . Ž .0.0073 0.1288 0.1769 1.0000

Ž .F 5,5 5.5523Ey3 4.2358Ey3 4.2210Ey3 4.1192Ey3
Ž . Ž . Ž . Ž .0.7418 0.97248 0.97588 1.0000

2Ž .x 2 2.5811Ey2 1.4342Ey2 1.4035Ey2 1.3787Ey2
Ž . Ž . Ž . Ž .0.5341 0.9613 0.9823 1.0000

2Ž .x 4 1.0307Ey2 4.0726Ey2 4.0538Ey2 3.7520Ey2
Ž . Ž . Ž . Ž .0.3640 0.9212 0.9255 1.0000

2Ž .x 8 2.2340Ey0 9.5500Ey1 4.2600Ey1 1.0120Ey1
Ž . Ž . Ž . Ž .0.0453 0.1059 0.2375 1.0000

Ž .Gamma 2,3 3.1362Ey0 1.0552Ey0 7.4960Ey1 2.4670Ey1
Ž . Ž . Ž . Ž .0.0844 0.2508 0.3531 1.0000

Ž .Gamma 2,5 2.0950Ey1 1.8660Ey1 3.9690Ey2 2.7300Ey2
Ž . Ž . Ž . Ž .0.1303 0.1463 0.6878 1.0000

Ž .Weilbull 1,2 2.2951Ey1 1.8004Ey2 1.4420Ey2 7.6990Ey3
Ž . Ž . Ž . Ž .0.03354 0.4276 0.5339 1.0000

Ž .Weilbull 3,3 1.0950Ey2 1.1866Ey2 1.1969Ey3 1.0373Ey3
Ž . Ž . Ž . Ž .0.09473 0.08741 0.8666 1.0000

August 2000 Vol. 46, No. 8AIChE Journal 1613



dA F Fo mns A y kA 1y A y A 29Ž . Ž .odt V V

Using Euler’s method for solving ODEs, the equation can
be approximated as

F Fo mnA s A q A y kA 1y A y A D t 30Ž .Ž .tq1 t o l t tž /V V

If the step size D ts1, the equation can be written as

F Fo mnA s A q A y kA 1y A y AŽ .tq1 t o t t tV V

F Fom nA s 1y A y k 1y A A q A 31Ž .Ž .tq1 t t t ož /V V

A nonlinear dynamic equation can be derived to generate
data

y0.51.5y tq1 s ay t q by t 1y y t qcy t qe tŽ . Ž . Ž . Ž . Ž . Ž .Ž .
32Ž .

The parameters model values are given as following: as
Ž .0.9, bsy0.134, cs0.1. The input u t is selected between

w x Ž .0.9, 1.3 and e t is certain distribution which is specified as
above.

100 samples for each case were generated for each distri-
bution. The empirical relative errors of model parameters
vector u of Expression 32 are calculated by the Euclidean
norm

2
mˆ ˆIu yu I u yui i

error t s or error t s 33Ž . Ž . Ž .Ý ž /Iu I uiis1

ˆw xwhere ms3, u s a b c , and u is the estimated value of the
model parameter vector.

The relative efficiencies have been obtained by comparing
these relative errors to the smallest one of the other esti-
mates for each case studied. The smaller the relative error,
the better the model parameter estimation. Also, the larger
the relative efficiency, the better the estimator. Results of the
four estimates with respect to different error distributions and
outliers are reported in Table 2, depicting the empirical rela-
tive error norm and relative efficiency, calculated on the ba-
sis of 50 Monte-Carlo trails and 100 iterations. Table 3 re-

(Table 3. Relative Errors and Relative Efficiencies in Paren-
)theses of OLS, Huber, ARMENSI and WARME

OLS Huber ARMENSI WARME

t 8.3096Ey3 6.3380Ey3 6.4410Ey3 6.3379Ey32
Ž . Ž . Ž . Ž .0.76272 0.9999 0.9840 1.0000

Uniform 2.9281Ey3 2.9281Ey3 2.9260Ey3 2.4148Ey3
Ž . Ž . Ž . Ž .0.8246 0.8246 0.8253 1.0000

Normal 2.1876Ey3 2.4667Ey3 3.1082Ey3 2.3245Ey3
Ž . Ž . Ž . Ž .1.0000 0.8868 0.7248 0.9411

Figure 5. Comparison of different estimation method.

ports the results on the estimates for some distributions with-
out contaminated outliers.

Based on this Monte-Carlo study, for this family of error
distributions and outliers, WARME has the best perfor-
mance. Of course, OLS is the best for normal distribution,
due to its characteristics of unbiasness and minimum vari-
ance for normal distributions, but it performs very poorly for
the case when some outliers occur. The minimax estimator
can omit the influence of the outliers, but it only works well
for the symmetric distribution, even though it can give ac-
ceptable results for cases with no outliers. The ARMENSI
performs well for skew distributions, but not as well as
WARME does. Figure 5 illustrates the comparative predic-
tion results of OLS, ARMENSI, and WARME methods.

In addition, by using ARMENSI for parameter estimation,
one needs to pre-select the order of the polynomials. This
means that one needs to have some a priori information of

Ž .the density function of the error Cobb et al., 1983 . Figure 6
illustrates that we can obtain different estimates, by changing
the order of the polynomials, in ARMENSI while WARME
remains same.

Conclusions
Most industrial and experimental data are contaminated

by some anomalous outliers, usually in some unpredicted
fashion, which results in the deviation from the assumption
of normal error distribution. The performance of conven-
tional system identification methods will deteriorate by using
this data for system identification. Robust system identifica-
tion methods are needed in order to alleviate the effects of
the outliers. Several different robust system identification
methods have been developed in the past years, mostly in an
ad hoc manner.

Beginning with a survey of previous work on robust system
identification, followed by a discussion of their advantages
and disadvantages, a new off-line wavelet-based robust M-

Ž .estimation procedure WARME is developed in this article.
The idea is straightforward in the maximum likelihood esti-

Ž .mation MLE sense, and this approach can be regarded as a
generalization of previous robust and nonrobust system iden-
tification approaches. The robustness of the proposed ap-

Ž .proach is determined by its adaptive influence function IF ,
which is in turn determined by the residual data themselves
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Figure 6. Estimation from different polynomial order, by
( ) ( )ARMENSI a ns30; b ns17.

n: order of polynomial.

rather than an assumption on its density distribution. The
wavelet-based density estimation approach is employed to in-
sure an adaptive and more accurate approximation to the
p.d.f. of the residuals data. The adaptiveness of the influence
function is the striking feature of this approach, while other
previous robust approaches are typically based on the as-
sumption on the residual distribution. The performance of
this new method has been compared to the conventional or-
dinary least-squares estimate, as well as other robust proce-
dures including ARMENSI, developed recently in a Monte-
Carlo study. This method is a nonparametric approach and is
flexible and adaptive to any error distribution without any
knowledge of a priori information. From a practical view-
point, it is a more useful and powerful tool for robust nonlin-
ear system identification.
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